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. INTRODUCTION 


in the absence of the external voltage v, the circuit of 


ig. 1.1 is a tuned-plate oscillator. It consists essentially 
f a resonant circuit and an electron tube. This electron tube 
as a double function. It feeds power into the resonant circuit 


n order to compensate for the losses in the passive elements and 
ecause of its nonlinearity, it limits the amplitude of oscilla- 
ion. The frequency of oscillation in the first approximation 
mo, = L/VLC, 


Fig. |.1. Tuned-Plate Oscillator with External Sinusoidal 
Synchronizing Voltage 


If the external voltage v, is not zero and if its frequency is 
‘aried over a wide range, then the frequency w of the free oscil- 
ation does not remain constant but behaves as indicated in fig. 
1.2. If the frequency w, of the external voltage is varied and 
ecomes approximately equal to (p/q)w,, where p and q are "small" 
ntegers, then the frequency of oscillation suddenly changes from 
1, to (q/p)»,. This phenomenon is called locking, synchroniza- 
lon, or entrainment of frequency. The external voltage will 
synchronize the free oscillation over a frequency range Aw 
Fig. 1.2). The expression (Aw/w), = Aw/w, is defined as the 


bandwidth of synchronization." 
For synchronization the relationship between w and oa, is 


(lel) 


pw = qu, 


For particular values of p and q the term "p:q synchronization" 
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Fig. 1.2. Entrainment of Frequency 


is used (for example; 1:3 synchronization). A distinction 
made between 1:1 or "ordinary" synchronization and p:q (p7q) 
"subharmonic" synchronization. 


It 1s shown later that synchronization becomes very weak 
the sum (p+q) increases. Any small fluctuation in the circ 
then puts the system out of synchronism. If (p+q) is sufficie 
ly large, then synchronization can be neglected altogether. 
considerable number of papers have been written on synchroni 


. sf * . . 
tion. §3-14)* Unfortunately, most do not yield comprehensive 
sults. Jt is hoped that this bulletin may fill some gaps. 

*Parenthesized, superscript numerals refer to correspondingly numbered entrie 


the Selected Bibliography. 


11. OUTLINE OF THE METHOD 


|. Definitions of Terms 


The circuit of Fig. 1.1 shows only one of the many ways by 
which an oscillator can be synchronized. Instead of being lim- 
ited to this special case, it is desirable that the results of 
this discussion be applicable to a great number of oscillators. 
The circuit to be discussed must therefore be rather general. 
Two such general oscillators are shown in ['ig. 2.1. They consist 


(a) (6) 


Fig. 2.1. General Oscillatory Circuits 


of a resonant circuit, a synchronizing voltage v, and a "non- 
linear" element. This nonlinear element has much the same func- 
tion as the electron tube in Fig. 1.1; it supplies power to the 
passive elements of the circuit and limits the amplitude of 
oscillation. The discussion is limited to nonlinear elements- 
with a current- voltage relationship that can be expressed by the 
rapidly converging power series 


i = av + Bue + yw? + dv4 (2.1) 


In this bulletin it is always assumed that the synchronizing 
voltage v, is sinusoidal. It may be applied to the oscillator 
in two essentially different ways. In Fig. 2.la, v, 1s inserted 
mn the resonant circuit; in Fig. 2. 1b, it is placed in series 
with the nonlinear element. The first case is called "internal, 
the second "external" synchronization. 

for 1:1 synchronization, internal and external synchronization 
are discussed separately since one case cannot be easily reduced 
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to the other. [for subharmonic synchronization, however, the dis- 
cussion is limited to external synchronization. As was pointed 
out to the author by Dr. Giuseppe Francini, the result can then 
be applied easily to internal synchronization as follows: The 
differential equation corresponding to the circuit of Fig. 2.1 is 


a 
Ss ne) ep eae 


dv ; 2 
Cr + Gv + (av + Bot + Yv 
if 
= 7Jv,at (2) 
and to that of [ig. 2.lb is 


Ske 9 3 te 
Cop + Gv + (av + Bust Sule eel aes [Jv at 


dv, es 
= ar + Gv, +Ju,dt (223) 


It is assumed that G/aC = 1/Q << 1 and that v, is sinusoidal with 
amplitudes V,. (Fig. 2, la) and V,, (Fig. 2. 1b). Then Eqs. 2.2 
and 2,3 are identical if 


~ 


Vig = (1 - ; JaV game (4d pA fq4)2V ey (2.4) 


The results obtained in Chapter V for subharmonic external syn- 
chronization therefore hold for internal synchronization also if 


V.ais replaced by (i-p*/q")V.. 


s 


2. The Linearization of the Oscillator 


All oscillators contain nonlinear elements. These nonline- 
arities make the mathematical treatment difficult, since they do 
not allow solutions in closed form. It is therefore necessary to 
use approximation methods. The amount of calculation becomes 
prohibitive for higher approximations; it is therefore essential 
that the first approximation be very good. Such a reasonably 
accurate first approximation can be found if physical consider- 
ations (high Q) indicate that the oscillations are "almost 
sinusoidal." 

lor example, for small v, the voltage v in Fig. 2,la is almost 
sinusoidal and is given by 


v > V cos(wt + ¢) 
The voltage v, in Fig. 2.1b is 
v, y V cos(wt + ) G2; 5) 


If the oscillator is synchronized, then w = (q/p)w,, and the 


current i passing through the nonlinear element will contain more 
higher harmonics than the voltage across it. The current can be 
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calculated from Eqs. 2,1 and 2.5. It has the general form 
t = I, cos(wt+p) + I, sin(wt+p) 
+ components at frequencies other than w (2.6) 


This current, passing through the resonant circuit, influences 
the oscillation somewhat. The components at frequencies other 
than » cause forced oscillations at these frequencies. The 
amplitudes of these forced oscillations are necessarily small if 
the Q of the resonant circuit is high, and they can therefore be 
neglected. As is shown later, the components at the frequency 
will, however, cause a small change in amplitude V and phase ¢ 
of the oscillation. 

If all components of the current except those at frequency ® 
are neglected, then the circuits of Fig. 2.1 can be replaced by 
those of Fig. 2.2 where 

if 18 
Sfp ae aleve (2.7) 

The circuits of Fig. 2.2 are linear and can be discussed by 
the methods of linear circuit analysis. The "equivalent" conduc- 
tance G, and capacitance C, are functions of V and ¢. 


In Section 4 it is shown that for 1:1 synchronization Iig. 
2.2a can be reduced to Fig. 2.2b so that it is sufficient to 
discuss the latter circuit only. 


3. Equilibrium and Stability 
The frequency of oscillation of the circuit of Fig. 2.2b is 
Lees See e 
cL AeiCn a w(1 -3@) (2.8) 


where w, = 1//LC, It is assumed that 


v= V cos (w, t+) 
Pp 
Should a, differ from (q/p)w,, the phase angle will change slowly 


ad dp 
Oy Seip: een de 


ap 8 a= wx (2.8) 


where Aw = w, - (q/p)a,. 

Similarly for V the energy stored in the resonant circuit, 
CV?/2, will change slowly since part of it is dissipated in the 
conductances G, and G; that is, 
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(q) (6) 


Fig. 2.2. Equivalent Linearized Oscillatory Circuits 


d;CV2 Vj 78 
pit (ie EES) ee YE 
ie 2 2 e) 
or 
dV 


ee ae 
PT ery (2.10) 


For steady-state oscillations, both V and ¢ must remain constant. 
Therefore 
Gw G's 0 


e 
¢ C211) 
Aw -—£ = 0 
2C 
A steady-state oscillation is stable if the oscillator will 

resume its original amplitude and phase after asmal] disturbance. 
In order to discuss the behavior of the system in the neighbor- 
hood of the steady-state oscillations, it is necessary to expand 
Eqs. 2.9 and 2,10 around the amplitude V, and the phase ¢$, 
corresponding to steady-state oscillations. Defining 


SV=eV-YV, 
bp = h- H 


the first terms of the expansion are 


3G 3G 
d(sV) o 7 _°sy ce. 
tee Spee eta tes 
d(5p) 3c 3C (2251) 


Ww e e 
dt" ~ 9¢ lay” 5¥ +55 - 90) 


It is assumed that 5V and 8 are small and that therefore the 
higher terms of this expansion may be neglected. 

Equation 2,12 is a set of two simultaneous linear differential 
equations. It can be solved by standard methods. The variables 
5V and 8 will approach zero from any initial conditions in the 
neighborhood of the steady-state oscillations if both the roots 
kK, and ky of Eq. 2,13 have negative real parts. 
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V OG V OG 
a oe PS sgt pi a Ze 

2C aV 2C ad 

as) oc, a) 3c, sig (2.13) 
2C WW ‘2C 8p 


Yecessary and sufficient conditions for this are that 


0G, by oC. > 0 
OV ad 
FY (2.14) 
oC, 0G, 6G 3G, 


a W ow 2%. 


Systems satisfying Eqs. 2.11 and Ineqs. 2.14 will produce stable 
steady-state oscillations 


Ill. ORDINARY SYNCHRONIZATION 


4, Internal 1:1 Synchronization 


In Fig. 2.la, the voltage V, is inserted in the reson 
circuit in series with the inductance L. If the voltage v, = 
cos w,t synchronizes the oscillation, then the voltage v acr 
the nonlinear element is 


v = V cos(w, t+¢) (32 


In this Chapter the subscript s of w, 1s dropped, since for 
synchronization W= W,. 

It is assumed that the voltage v and the current i passi 
through the nonlinear network are related by 


i = av + Bu? + yu? (Sa2 
where a < 0, y > 0. This is a good approximation for mo 
oscillators. It can then be shown that the equivalent impeda 
of Fig. 2,2a consists of a conductance G, only (Fig. 3.1) 

3 


C= sore 3. y2 
a” 


e (3.3) 
If no synchronizing voltage is present (v, = 0), the conditi 
for steady-state oscillation is 
Gm ae =) 0 
or 3 
Gta +7 w? =) (3.4) 
The value of V satisfying this equation is 
4 Gta 
pene At Beets (3250 
V, 3 y 


The discussion in this section is limited to oscillators f 
which V,2 > 0. 
In Fig. 3.1 the current passing through the inductance L is 


ip cir sin(wt+¢) - V,sin wt] (3.6) 


The same current would flow through the network consisting of | 
G, and C, due to the voltage v = V sin (wt + ¢) alone. The valu 
for G, and C, are 
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wCV ; 
G, = 2 Sais 


Cc, =_—“s cos p (3.7) 


Therefore in the presence of a synchronizing voltage steady- 
State oscillations occur if 


Cea. sO) 


Aw Cy i (3.8) 


: 3 9 Pasa 
Gta rad + sear Sing =n0 


ony (3.9) 
Seger sce 
The conditions for stability are 
tc) oC 3 
VIG, +6, ) fea walt - 2uC— sin 
3 2 2 
worth - V ea) 
(3.10) 
dG oC 
I Seal Vea 
% Ww (G, + G,) W %. (G, + G,) 


3 ! 2 Vas eat 
= scan p + Ww v3 


’ 


After rearranging the terms, the conditions for stability are 


2 2 
ov? > Vv, 


(3,11) 


Fig. 3.1. Equivalent Linearized Circuit for Internal 1:1 Synchronization 
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This last condition is satisfied automatically for sin ¢ < 0. 
sin ¢ >.0, it can be simplified to 


2 
LV 
sin? ¢ < AES ag | (3.12 


The equations for stability and equilibrium can be simpli 
somewhat through the introduction of dimensionless parameters 


V iF 
V 
oO 


ttt a, eee (3.13 
v, 2b 


SS 
YY 


WE 


X = 


2.0 


/. 


y 


] 
Gs 


[ZZ7/ - Regions of 
Stability 


2 
BT 2 


a 
Oo 2 1T 


pe 


Fig. 3.2. Regions of Stability and Variation of X as a Function 
of pp forp=l, q= | 


Making these substitutions they become, for equilibrium, 


A(X?-1) pts = 
iF eke eS 


(3.14) 
bard Ue . 
ee Ewe cos Q = 


and for stability 
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x2 > as 
2 
and either 
sin > < 0 
Ocertesin p> 0 
les a) 
] 2 om! ae a4 
sin-p < 5 (3 1) 


The phase angle ¢ may be eliminated from these equations so 
that those for equilibrium reduce to 


Aw l 
2y2; y2 2 2 2 Pe 2 
Ser esl CSD SoS 99 Gl Co) tad ay 08 (3. 16) 
and those for stability to 
Aa 
Se ere CAT Ty FO (17) 


OD) 


2.0 


1.5 


Region of 
| Stability 
“ | (Boundary). 


OS 


=0 75) 0 Os La 
4@ 
Aw 


Fig. 3.3. Region of Stability and Variation of X as a Function of 
NavAw for p =i, q= | 
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The regions of stability may be represented in a plane with X 
as the ordinate and either ¢ or ],, as the abscissa. Figss 3.2 


Aw 
and 3,3). These figures also indicate the variation of X with 7> 


and ¢, respectively. As stated before, these figures have been 
discussed extensively in the literature. 


5. External 1:1 Synchronization 


In Fig. 2.1b, it can be assumed that the voltage v across the 
resonant circuit 1S approximately sinusoidal; that is 


v; ¥ V cos(wt +) (3.18) 


If the oscillator is synchronized by the external voltage, the 
frequency of oscillation is a, and as in Section 4 the subscript 
of w, is dropped. 


s 
The voltage across the nonlinear element is 


v = V cos(wttp) + V, cos wt 
= (V + V, cos ¢) cos(wt+p) + V, sin > sin(wt+¢) (3.19) 


It 1s again assumed that the current i and the voltage v are 
related by 
i= av + Bu? + yv3 (3.2) 


where a < 0, y > 0. Using Eqs. 3.19 and 3.2, the current i can 
be expressed as a function of time 


i = I, cos(wt+p) + I, sin(wt+d) 


+ components at frequency 3w (3.20) 


The circuit of Fig. 2.1b can then be replaced by that of Fig. 
2.2b where 


: Ty 
Oe pS tan ay (23a) 


The values of G, and C, are 


e 


V 3 
CapaaGl a cos ¢) [a ero + 2VV, cos p + v.7)] 


(3.21) 


V : 3 
Cc, = Lear sin ¢ [a var We + A de cos p + v.7)] 


If Vv, << V, these equations can be simplified considerably to 


3 
G =a+—vwy?2 
4 3A 


Vat Jee ae (3-22) 
Cie aay ue pd (a aie ) = ee sin > G, 
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As before the conditions for steady-state oscillations are 


Gat Ge 20 

Ne CC Oe AS 9) 
eee ee te () 

ay “PAO, 


where Aw = 1/YLC - w In terms of V and ¢, Eqs. 3.23 are 


Aw V (3.24) 


The conditions for stability are 


3G, oC, 
Vay + eee > 0 
8G, a, 2G, 3c (3.25) 
pea exe paid i EES 
WV ob ~ a6 aw 7 9 
; G : ro, 
Since ER = (0, these inequalities are satisfied if 
2G, oC, 
Ob els og 70 (3.26) 
or if 
vue Os cos pea) (3227) 


The permissible variation in ¢ is, therefore, 
téd<e 
OR aS: 


The variation in frequency corresponding to this is 


Aw VeaG Vee 


a), mera da tha wl (3.28) 


where Q = aC/G is the quality factor of the resonant circuit. 

Thus the maximum variation in frequency is proportional to the 

ratio of amplitudes of the external synchronizing voltage to the 

internal voltage. Consequently if the external voltage increases, 
the bandwidth of synchronization increases likewise. In addition 
the maximum frequency variation is inversely proportional to the 

Q of the circuit. Therefore for small Q, the frequency can be 

entrained over a large band; but for high Q, the bandwidth of 

synchronization is relatively small. 


IV. SUBHARMONIC SYNCHRONIZATION 


For external subharmonic synchronization the voltage v, across 
the resonant circuit of Fig. 2.1 is again assumed to be approxi- 
mately sinusoidal 


vy = V cos(wt+d) (3.125 


where © is approximately 1//LC. For synchronization, w and the 
frequency w~, of the external voltage v, are related by Eq. 1.1. 
The voltage across the nonlinear network is then 


v = V cos(wt+d) + V, cos w,t C4515) 


It is assumed that this voltage and the current 12 passing 
through the nonlinear network are related by a rapidly convergent 
power series 


1 = av + Bv2 + yu? + Sv4 +... eS: 


If this expression is combined with Eq. 4.1, then the current 
can be expressed as a function time 


i =I, cos(wt+p) + I, sin(wt +p) 
+ components at frequencies other than w (2.6) 


The circuit of Fig. 2.1b can then be replaced by that of 
Fig. 2,2b where again 
uf 
CO RO eee ier 
eA GAY, . wV 
Methods for calculating G, and C, have already been discussed in 
University of aes eh Engineering Experiment Station Bulletin 


395, Chapter II. °} 


6. Oscillations in the Absence of Synchronism 


For some frequencies the external voltage will not synchronize 
the oscillator. No relation pw = qw, will then be preserved over 
any appreciable length of time and it can be assumed that w/w, 1s 
irrational. The equivalent impedances for w/w, irrational have 
been calculated in Bulletin 395, Chapter II{!5) They are 


2 : 
Gln a. +. yt A490). eee 

: : (4.2) 
Ct =f 
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The prime indicates that no synchronism is present. To faci- 
litate further calculations, it is assumed that neglecting all 
terms of G) other than the first two will not lead to appreciable 
errors. This is true for most oscillators. 

Steady-state oscillations are possible if a < 0, y > 0 and 


G+Gi=0 (4,3) 
or 3 
Garrat (FFT 4 2V ) 0810 (4.4) 
The value of V that satisfies this equation is 
4 Gta 
yea as = 20,7 (4.5) 


ye has a physical significance only if it is positive, otherwise 


it 1S just a parameter satisfying Fq. 4.5. If v,? > 0, then the 
oscillations of the system are called "free" oscillations; if 
ye? <0, "forced" oscillations. 

It is desirable that Eq. 2.1 be changed to a form correspond- 


ing to Eq. 11.1 of Bulletin 395, (15) 
ioe) 
t= I, 2 a,x" (4.6) 
1 


where the a, and x are dimensionless. This can be done by 
defining 
v a B ¥ 


x = Pl! Pere: A CS Rett A Coe 
lV ee es ee a Ve) > tae 


Similarly, dimensionless variables corresponding to V and v, 
are defined as 


V V V I 
ae See eT. Oot ae Ses Fer (4.8) 
Re ee aa ye) ee oo LV | 
for free oscillations xee = 1; for forced oscillations bee aoa |. 


An expression that will be helpful in the next section is 


G+Gi=Gta + 3(V242V, 2) (4.9) 
Combining this with Eq. 4.5 and making the substitutions of 
Eq. 4.8 
3 
G+ Gi =3a,G,(X?- X,*) (4.10) 


7. Synchronized Oscillations 


Locking phenomena occur if the two frequencies w and , are 
related by an equation 
pw = qa, (1.1) 
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where p and gq are small integers. The special case p = q is not 
considered in this chapter. 

Some of the combination frequencies (nwtmw,) are now identical 
with #; as a consequence J, and I, and therefore G, and C, may 
contain additional terms. In fact these terms are necessary for 
the mechanism of synchronization. A double-prime is used to in- 
dicate such additional terms. For synchronization the equivalent 
impedances are 

aia ‘ " ws " 
Pree PETA O - Cras C, (4514) 
It is assumed that the series Zax converges rapidly. It is 
1 
then sufficient to consider only the first term that contributes 
to G” and C". As shown in Bulletin 395, Eq. 10.19, 15) this term 
is 
Ia, x* rX = p+q-l C422) 


and the corresponding G? and C% are (Bulletin 395, Eqs. 11.4 and 
iy 


7 a,G, in ey q 
Go = 5A-1 (q) XP X,° cos pp 
aG, y (4.13) 
° 
We: -2 : 
Cc" = r= 1,,6 4) APEX Ae Siig 
These can be simplified by introducing a coefficient 
a! r 
uy) = xer (q) 
GY and C’ are then 
ee -p-2 
Gi = 7G, XP" *X 4 cos pp 
(4. 14) 


G 
One sth eee 3 sag X,7 sin pd 


i w 


Some values for 74 are presented in Table I. Equations 4,14 
correspond to a first-order approximation. As stated above, none 
of the terms Layee where A = (p+q-l) will contribute to G* and 
Cv. This does not hold if approximations higher than the first 
are considered. 

For example, for 5w = w, (p = 5, q = 1) the contribution of 


Pods as towards G’ and C’ is for a second-order approximation 


27 ioe 
oo = Te ae o boy is cos 5h 
27 2 (4.15) 


G : 
CY =z 128 Cee ees Gee sin 5 
w*C 
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TABLE | 
Values of 7 


1/2 ag 1/4 ag 1/8 ay 1/16 
2 ag Tf 1/2 ay ee 3/16 ag 
3 3/4 a3 3/4 ay eg 15/32 ag 21/64 ay 
4 1/2 ay F 5/8 ag Cy 7/16 ag 
5 5/16 ag «15/32 ag 35/64 ay 35/64 ag 


The contribution due to a first-order approximation would be zero 
since = 3 is smaller than (p+q-1) = 5. In most cases the terms 
of Eq. 4,15 are small compared with those corresponding to I ,a,x 
and a first-order approximation, particularly if the circuit 
has a large Q (G/wC small). They can therefore be neglected. 

As a result of Eqs. 4.14 the total equivalent impedances are 
then 
(@ (ee wl 3 2 2 Ro 2 vag 

apie a Ge = GC. [ay Pepa (A t2X + HPO WX 9 cos pe 


€ 


G 9 (4.16) 
i EOS ee Hae Are eX Sin pg 
(23) 


e e 


As shown in Chapter II, steady-state oscillations can occur if 


G + G, = 0 
SkOmeG (2341) 
A ee EG) 
w 2C 
where 
fl hag emf 
Dame hGay bacas: 
In terms of X and ¢, these equations are 
iy 2 Po Pey 4 = 0 (4.17) 
le aos eS a3 a Coe POs : 
Aw G 
S74 : re 
Ses Sines 0 (4. 18) 


If the phase angle is eliminated, then these two equations 
combine into 


IT a,(X2-X,2)]° + rk = [nxP~ 2x9] (4.19) 


Equations 4.18 and 4.19 permit a representation of X as a func- 
tion of either p¢ or Aw/w. For the purpose of this bulletin, 
pp is the more adequate independent variable. 


22 ILLINOIS ENGINEERING EXPERIMENT STATION 
The conditions for stable steady-state oscillations are 


‘ (4. 20) 
aC, aG, | aC, 2G, 


ap OX ow do 


The first of these two inequalities is, in terms of X and ¢, 


Ge, 

ax 3d 

= G % x? (p-2)XP~2x 49 - npXP72x 4 $f] 
paar ys aa uh: 5 COs pp = np i cone 


3 = 
= G, aX? - 27X?P ered cos pp] 


3 3 3) 2 
. G, a3X? +503(Xo =X, 2)) > 0 (4. 21) 
Since a, > 0, this inequality is satisfied if 
x2 sty 2 (4522) 
2 oO 
For forced oscillations (a= = -1), Ineq. 4.22 is satisfied 
automatically. 


The second part of Ineq. 4.20 is 
oC, OG , ee 0G, 


eye 
op OX aK Pre 
cx p-2 3 2 p=2y aq } 
7 { [mpXP"*X 7 cos pd] Esa3X + nlp-2)XP~*X 7 cos pd 


+ [mpxP- 2x 9 sin pb] [nl p-2)XP~ 2x 9 sin pp] } 
a aig > 2 -4 
=- —2-pxXP X,ttagn cos pp - 7*(p-2)XP~4X,9) > 0 (4.23) 
w 


This inequality is satisfied if 


Me be p-2 -2 


nN cos pp < Se n xP q (4, 24) 


23 


For Ineq. 4.24 three different cases of subharmonic synchron- 
ization have to be distinguished: p = 1, p = 2 and p > 2. 


Cy Die 


If p = 1, then the right-hand side of Ineq. 4.24 is positive. 
The range of the phase angle ¢ for which the oscillation is 
stable is therefore larger than 7. For positive 7 it extends 
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approximately from 7/2 to 37/2 and for negative 7 from -7/2 to 
m/2 (Fig. 4.1). Equation 4,17 shows that for X,2 = -1 (forced 
oscillation) the possible variation of ¢ for which X is real is 
smaller than 7. Inequality 4.24 is therefore automatically 
satisfied. For cee = 1 (free oscillations), ¢ may however vary 
over a much wider range than 7 as indicated in Fig. 4.1, and 
therefore Ineq. 4.24 must be considered. The critical regions 
are shaded in Fig. 4.1. In these regions 7 cos ¢ is positive. 
Using Eq. 4.17, Ineq. 4.24 can be simplified to: 


cos? ¢ Urol - 1) (4,25) 


Fig. 4.2 shows the region of possible steady-state oscillations 
defined by Ineqs. 4.22 and 4.25 for 7 > 0. The regions for 7 < 0 
can easily be obtained by a phase shift of 180°. 


For p = 2, Ineq. 4.24 reduces to 
n cos 26 < 0 (4. 26) 


The total variation of (2) is therefore 7 for 5 2 = 1 and 
smaller for X, 2 = -] (Fig. 4.1). 


Ce ip a> 2 


If p > 2, then the right-hand side of Ineq. 4.24 is negative. 
Therefore the variation of the phase angle for which the oscilla- 
tions are stable is smaller than 7 (Fig. 4.1). Using Eq. 4.17, 
Ineq. 4.24 transforms to 
ny; 2 
2 ) (4. 27) 


cos” 


7 37 


Fig. 4.1. Range of pp for Stable Synchronous Oscillations (X,? =i-{\) 
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Equation 4.17 shows that for this variation and for x ;3 = 1] 
X > 1 and therefore Ineq. 4.22 need not be considered. Th 
region of possible steady-state oscillations is indicated it 
Figs 4.45f0% petcos 

For » = -1, Ineq. 4.27 can be satisfied for p = 3 only 
(Fig. 4.3b).: For p 24, Ineq. 4.27 cannot possibly be satisfied. 
Therefore, for a first-order approximation no forced subharmonic 
oscillations are possible for p = 4. This, of course, would not k 
true 1f more than the first two terms of Eq. 4.2 were considered. 


8. Particular Examples of Subharmonic Synchronization 


The discussion in this section deals with three examples of 
subharmonic synchronization: 


wo = 3w 2w. = w 3u = w,. 


3? s? 


teat OR 9G) Op 25) goo) 


1 : 
For this example 7 from Table I is qGa,. Eq. 4.17 is then 


Reeth Sa: 

xX? = X33 a = cos 
The regions for stability for xe = 1 are indicated in Fig. 4. 2a. 
For eae = -l, all steady-state oscillations are stable as showr 
in Fig. 4.2b. Fig. 4.2 also shows the variation of X with p¢ for 
X, = constant. The variations of the phase angle are 

-7/2 < Ap < 1/2 asad 

0<Ap<n (Xo? = -1) 


bx Sah Races Pe, oe oT) 


As shown in Fig. 4.1, the range of 2 is 7 for ihe = 1, For 
Xt = -l, all steady-state oscillations are stable. 
or, (a = to oip RS, gh eet) 


For this case 7 is 3 a,, Eq. 4.17 is then 


be AD Cet. 3 X, cos 3¢ 


° 


For Mee = 1 the region of stability is shown in the shaded area 
of Fig. 4.3a; for X,* = -1, in Fig. 4,3b. The variation of @ 
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with pf? is also shown in Fig. 4.3. As can be seen from these 
figures, the total change in phase is 


1/2 < \3¢6 <7 (X,? = 1) 
0 < A3¢ < 7/2 (X¥,? = -1) 


9. The Bandwidth of Synchronization 


So far in this bulletin the limits of stable synchronization 
have been expressed in terms of phase. For practical purposes it 
is, however, more important to know the maximum permissible de- 
viation infrequency, or the bandwidth of synchronization (Mw/w),. 
It is of course possible to find precise expressions, but in most 
cases an approximate value 1s satisfactory. Such an approximate 
value can be found if it is assumed that X = 1 and that the phase 
angle varies by an amount 7 either from -7/2 to 7/2 or from 
m/2 to 37/2. The bandwidth of synchronization is then (from 
Eq. 4.14) 

ES : peek y Free 
o wC 9 lac 


r 
etre? (4,28) 


This equation shows that the bandwidth of synchronization be- 
comes rapidly smaller as A = p+q-l increases, 


V. EXPERIMENTAL VERIFICATION 


In the discussion of the theory some questionable approxima- 
tions have been made. It was therefore necessary to investigate 
how well the theoretical results are confirmed by the experiment. 
The circuit used in the experiment is shown in Fig. 5.1. 

In this circuit, designed by Dr. Giuseppe Francini, a con- 
ventional transitron circuit served as the nonlinear element. 
The operating point of the tube was adjusted by the potentio- 
meters R, and Ry and slight changes in the current-voltage 
characteristic were made by changing tubes. The synchronizing 
voltage was supplied by a Hewlett-Packard oscillator. The ex- 
perimental results were obtained using resonant circuits tuned 
to a frequency of 6 ke and having a Q of about 35. 

Synchronization was observed with the aid of Lissajou figures 
on the screen of an oscilloscope. The voltages V and V, were 
measured directly across the oscillatory circuit and R,. 

It was to be expected that the critical part of ‘the theory 
was that dealing with stability rather than equilibrium. The 
conditions of stability for cases (3w = w,) and (w = 3a, ) were 
checked in this experiment. The results of the experiment are 
shown in Figs. 5.2 and 5.3. It can be seen from these results 
that the correspondence between theory and experiment 1s reason- 
ably good. 

Equation 3.28 was also verified by experiment. Good corres- 
pondence was obtained for ratios of V,/V as high as 0.15. The 
experimental results for V,/V = 0.1 are shown in Fig. 5.4. Gen- 
erally, the maximum variation of the phase angle was somewhat 
larger than 7; therefore, the measured values of (Aw/w), are 
somewhat too large. 
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Fig. 5.1. Circuit Used for Experimental Verification of the 
Theoretical Results 
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Fig. 5.2. Region of Stability for p=!, q = 3 (4,7 = 1) 
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Fig. 5.3. Region of Stability for p = 3, q 
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Theoretical Curve 
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Fig. 5.4. Bandwidth of Synchronization, (Any) 9 as a Function of 
Q, G/aC, for External 1:1 Synchronization 
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